Let R be a commutative ring with unity. The ring R consider as a simple graph whose vertices are the elements of R with two distinct vertices x and y are adjacent if xy=0 in R, where 0 is the zero element of R. In 1988 [3], I. Beck raised the conjecture that the chromatic number and clique number are same in any commutative ring with unity. In 1993 [1], Anderson and Naseer disproved the conjecture by giving a counter example of the conjecture. In this paper, we find the clique number and bounds for chromatic number of the finite product of commutative rings with unity in terms of its factors. As a consequence of our results, we construct infinitily many counter examples of rings of the above conjecture and some of the main results, proved by I. Beck in 1988 [3] and Anderson and Naseer in 1993 [1] , are consequences of our results.
Introduction
In this paper, we consider all rings to be commutative ring with unity (that is, multiplicative identity). Let R be a ring. The ring R consider as a simple graph whose vertices are the elements of R with two distinct vertices x and y are joined by an edge if and only if xy =0. We use R to denote both the ring as well its associated graph. The concept was introduced by I. Beck in 1988 [3] , where he was mainly interested in colorings.
The chromatic number of a ring R is the minimum number of colors needed to color the elements of R so that adjacent elements of R receive distinct colors and is denoted by χ(R). This means, R can be partitioned into χ(R) subsets of R, say V 1 , . . . , V χ(R) , such that for 1 ≤ i ≤ χ(R), xy = 0, for all x, y ∈ V i (This means, each V i is an independent subset in R). We call V i is the color class i, for 1 ≤ i ≤ χ(R). Note that |V i | need not be finite.
The clique number of a ring R is the maximum size of a subset C of R for which xy = 0, for all x, y ∈ C and it is denoted by ω(R). That means, ω(R) is the maximum size of a complete subgraph of R. Note that for any ring R, ω(R) ≤ χ(R). Also note that these numbers need not be finite, see [3] . A ring R is said to be coloring if χ(R) < ∞. We call a ring R is chromatic ring if R is coloring with χ(R) = ω(R).
In 1988, I. Beck [3] raised the following conjecture.
Conjecture 1 (I. Beck). If R is a coloring, then R is a chromatic ring, that is,
He confirmed that the conjecture for several rings see [3] . After four years latter, 1993, D.D. Anderson and M. Naseer [1] disproved the above conjecture by giving a counter example as follows. They consider a local ring
, XY, XZ, Y Z − 2 and proved that ω(R) = 5 and χ(R) = 6. In this paper, we provide infinitely many counter examples using the above local ring, see in the section 4.3.
Also they have showed that many more rings supporting the I. Beck's conjecture, see [1] . Further, they showed that some of the results proved by I. Beck (in [3] ) are consequence of their results, see [1] . In this paper, we show that these results are consequence of our results see the section 4.2.
We consider throughout this paper, all rings are coloring. A subset J of R is nilradical of R if for every x ∈ J, there exists a positive integer n such that x n = 0. A ring R is said to be reduced if its nilradical J = {0}. The index of nilpotency of J is the least positive integer m for which J m = {0}.
In the second section, we obtain the clique number of finite product of rings in terms of its factor rings. In the third section, we obtain bounds for chromatic number of finite product of rings in terms of its factors rings. In the forth section, some of the results of I. Beck are consequence of our results. Also some main results of Anderson and Naseer [1] are also consequence of our results. Furthermore, as a consequence our results, we construct infinitely many counter examples of the I. Beck's conjecture.
2 Clique number of R.
We say that a subset A of a ring R is a clique in R if A is a complete subgraph of R (that is, for all x, y ∈ A, xy = 0) and a clique A of R is a maximum clique of R if ω(R) = |A|.
For 1 ≤ i ≤ n, let R i be a ring and let A i be a maximum clique of R i . Define
Proof. For, 1 ≤ i ≤ n, let A i = B i ∪ C i be a maximum clique in R i with the above properties. Let B = B 1 ×B 2 ×. . . ×B n and let S i = {0}×. . . ×{0}×C i ×{0}×. . . ×{0},
Let D be a maximum clique of R. Then 0 ∈ D, where 0 = (0, 0, . . . , 0) and |D| = ω(R).
. . , 0) and (0, . . . , r i , . . . , 0) do not belong to D and they are adjacent to every elements of
. , x n )}. In this case we replace the element (x 1 , . . . , x i−1 , t i , x i+1 , . . . , x n ) in D by (0, . . . , 0, t i , 0, . . . , 0). Then the resulting set D is also a maximum
not be a maximum clique in R i by Claim 1). As we defined earlier, for
Then clearly, B ∪ C ⊆ D. Let a = (a 1 , . . . , a n ) be a non-zero element in D. Claim 2. If a 2 i = 0, for some i, then a j = 0, for all j = i, that is a ∈ C. Clearly, a i = 0. Suppose for some j = i, a j = 0. Since a ∈ D and (0, . . . , 0, a i , 0, . . . , 0) = a = 0, a = (a 1 , . . . , a i , . . . , a n ) is adjacent to (0, . . . , 0, a i , 0, . . . , 0) and hence a 2 i = 0, a contradiction.
Claim 3. If a 2 i = 0 and a i = 0, for some i, then a 2 j = 0, for all j, 1 ≤ j ≤ n, that is a ∈ B.
If not, there exists j = i with a 2 j = 0 and hence by Claim 2, we have a ℓ = 0, for all ℓ = j. In particular, a i = 0, a contradiction.
Therefore by Claim 2 and 3,
3 Chromatic number of R In [3] , I. Beck observed the lower bound for chromatic number of R 1 × R 2 is sum of the chromatic numbers of R 1 and R 2 minus one, that is,
In this section, we obtain an upper bound of R 1 × R 2 in terms of chromatic numbers of R 1 and R 2 .
For any two rings R 1 and R 2 , let U 1 , U 2 , . . . , U k 1 be a proper coloring of R 1 , where k 1 = χ(R 1 ) and let V 1 , V 2 , . . . , V k 2 be a proper coloring of R 2 , where k 2 = χ(R 2 ). Since 0 ∈ R 1 and 0 ∈ R 2 , there exist largest positive integers s 1 , 1 ≤ s 1 ≤ k 1 and s 2 , 1 ≤ s 2 ≤ k 2 such that for 1 ≤ ℓ ≤ s 1 , x 2 ℓ = 0 for some x ℓ ∈ U i ℓ and 1 ≤ r ≤ s 2 , y 2 r = 0 for some y r ∈ V jr .
Theorem 3.1
Let R 1 and R 2 be any two rings with above properties, then
Proof. Without loss generality, in R 1 , let us assume that there is some x j ∈ U j with x 2 j =0, for 1 ≤ j ≤ s 1 and there is no x j ∈ U j with x 2 j = 0, for s 1 + 1 ≤ j ≤ k 1 . Also we may assume that, in R 2 , there is some y j ∈ V j with y 2 j =0, for 1 ≤ j ≤ s 2 and there is no y j ∈ V j with y 2 j = 0, for s 2 + 1 ≤ j ≤ k 2 . We now start the coloring. Clearly, the function c is a coloring of R 1 ×R 2 onto {1, 2, . . . , s 1 s 2 +(k 1 −s 1 )+(k 2 −s 2 )}.
To show c is proper. Let (x, y), (a, b) ∈ R 1 × R 2 such that (x, y) is adjacent to (a, b), then xa = 0 and by = 0 and hence
Then U i = U j , otherwise U i would not be an independent subset of R 1 . Note that the coloring of the vertices in U i × s 2 ℓ=1 V ℓ are different from the coloring of the vertices in
are adjacent. Further note that, for s 2 ≤ ℓ 1 , ℓ 2 ≤ k 2 with ℓ 1 = ℓ 2 , the coloring of the vertices in U i × V ℓ 1 are different from the coloring of the vertices in U j × V ℓ 2 . Hence c(x, y) = c(a, b).
Then x 2 = 0 and U i = U j . Clearly y = b (otherwise (x, y) = (a, b)) and y ∈ V i | and b ∈ V j | where i | = j | and then c(x, y) = c(x, b).
In the similar way we can prove c(x, y) = c(x, b) when b = y or b = y. Thus c is a proper coloring of
By induction on n ≥ 3, we have,
Suppose no x ∈ R i with x = 0 and x 2 = 0 (that is, R i is a non-zero reduced ring), for all 1 ≤ i ≤ n, then s i = 1 and we have,
If no x ∈ R i with x = 0 and x 2 = 0, (that is, R i is reduced ring), for 1 ≤ i ≤ n, then
4 Applications.
4.1 Some results of I. Beck's in [3] are consequences of our results.
The following results were proved by I. Beck (in [3] , Proposition 2.3, Theorem 5.5, Theorem 5.6 and Theorem 5.7). These results are consequence of our results. Proof. We note that for 1 ≤ i ≤ k,
|C j | = 1. By Theorem 2.1 and Corollary 3.2, we have ω(Z N ) = p n 1 1 . . . p n k k q m 1 1 . . . q mr r + r = χ(Z N ).
By Theorem 3.1, we have the following consequence proved by I. Beck in [3] . Let R be a Noetherian ring whose nilradical is finite. Then rad(AnnI)/AnnI is finite for any ideal. [1] are consequences of our results.
Some main results of Anderson and Naseer in
Anderson and Naseer (in [1] , Theorem 3.2 and its corollary 3.3) showed the following results.
(ii) Furthermore, suppose for each i, the following condition holds:
Using the Corollary 4.5, they proved the following results. . Then R is a chromatic ring with χ(R) =
Corollary 4.7 ([1], Corollary 3.5) Let R be a coloring that is a finite direct product of reduced rings, principal ideal rings, and finite rings with index of nilpotency 2. Then χ(R) = ω(R).
The above results are consequence of the Theorem 2.1 and Corollary 3.2, because of the following facts. In Corollary 4.5, for 1 ≤ i ≤ k, |B i | = |J n i i |, |C i | = 0 and, for k
Infinitely many counter examples of rings for the conjecture of I. Beck.
In [1] , they showed that the local ring R = Z 4 [X, Y, Z]/M, where M is an ideal generated by X 2 − 2, Y 2 − 2, Z 2 − 2, Z 2 , 2X, 2Y, 2Z, XY, XZ, Y Z − 2 is a counter example of the conjecture of I. Beck in [3] . That is, ω(R) = 5 and χ(R) = 6. Here we construct infinitely many counter examples of the I. Beck's conjecture. We now recall a result of I. Beck in [3] . 
Concluding remark.
In section 2, we found the clique number of finite product of rings in terms of its factor rings and in section 3, we obtained the bounds for chromatic number of finite product of rings in terms of its factor ring and we could not show the bounds are tight. We believe that the bounds are tight. Using these results, we obtained many consequences from [1] and [3] . In section, we obtained infinitely many counter examples of the Conjecture 1. In this counter examples, the difference between chromatic number and clique is one, that is, χ − ω=1. We could not find examples of rings for which the difference is arbitrarily large. So we post the following question.
Problem. Given a positive integer k ≥ 2, does there exist a ring R for which χ(R) − ω(R) = k?
